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DEFINABILITY AND DECIDABILITY IN INFINITE ALGEBRAIC EXTENSIONS
ALEXANDRA SHLAPENTOKH ANDCARLOS VIDELA
ABSTRACT. We use a generalization of a construction by Ziegler to show that for any field F and
any countable collection of countable subsets Ai ⊆ F, i ∈ I ⊂ Z>0 there exist infinitely many
fields K of arbitrary positive transcendence degree over F and of infinite algebraic degree such
that each Ai is first-order definable over K . We also use the construction to show that many in-
finitely axiomatizable theories of fields which are not compatible with the theory of algebraically
closed fields are finitely hereditarily undecidable.
1. INTRODUCTION
In this paper we investigate an interesting definability phenomenon occurring in some ex-
tensions of positive transcendence and infinite algebraic degree and derive a number of model
theoretic consequences. While we know a great deal (though far from everything) about first-
order definability over number fields and function fields, especially function fields over a fi-
nite field of constants, and over fields which are “close” to being algebraically closed, we know
substantively less about infinite algebraic extensions of rational fields which are “far” from al-
gebraic closure. (See for example [2], [3], [4], [6], [7], [8], [9], [10]. [11], [12], [13], [14], [15],
[16], [17],[18], [19], [20], [21] for a description of first-order and existential definability results
over number fields and function fields. This list is very far from being exhaustive and is just
supposed to give the reader a sample of the results on the matter.)
The questions of definability are usually considered from the following point of view: given
a field or a ring, describe the definable sets. In this paper we consider a different approach:
given a subset of a field (or a countable collection of subsets), describe field extensions where
this subset (or each set in the collection) is definable. Our construction is a generalization of a
construction by Martin Ziegler (see [22]) which he used to show, among other things, that Z is
definable in a class of fields. One of themain results of this paper can be stated as the following
theorem.
Theorem 1. Let F be any field. Then for any countable collection of countable subsets
Ai ⊆ F, i ∈I ⊂Z>0
there exist infinitely many fields K of arbitrary non-zero transcendence degree over F and of infi-
nite algebraic degree such that each Ai is first-order definable over K .
While Ziegler’s paper had interesting definability results, its primary focus was proving the
undecidability of finitely axiomatizable subtheories of various theories. The main idea which
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enabled Ziegler to prove the undecidability results can be summarized in the following argu-
ment. If M is one of the fields: Lp (algebraic closure of a Fp (t ), where Fp is a finite field of p
elements, and t is transcendental over Fp ), C, R, or Qp , then for every rational prime q , not
equal to the characteristic of the field, there exists a field Kq ⊂M with the following properties:
(1) if H is a subfield ofM , Kq ⊆H , and [H :Kq ]<∞, then either
[H :Kq ]= 1
or
[H :Kq ]≡ 0 mod q ;
(2) Each field Kq is strongly undecidable, i.e. any theory for which Kq is a model is unde-
cidable.
LetΩ be a non-principal ultra-filter on the set of rational primes, let
K =
∏
q
Kq/Ω,
and let
Mˆ =
∏
q
M/Ω.
If T is a finitely axiomatizable theory for which M is a model, then Mˆ and K are also models
of T, and therefore by Łos˘’s Theorem for at least one q we have that Kq is a model of T, imply-
ing that T is undecidable. In his paper Ziegler considered among others finitely axiomatizable
fragments of the following theories:
• TAp,q – the theory of a field of characteristic p ≥ 0, where every irreducible polynomial is
either of degree 1 or of degree divisible by q . (If p = 0, this theory is compatible with the
theory of C, and if p > 0, then this theory is compatible with the theory of Lp .)
• TR2 – the theory of a formally real field where all irreducible polynomials have degree 1
or 2.
• TRq ,q 6= 2 – the theory of a formally real field where the degree of any irreducible polyno-
mial is either 1 or is divisible by q , and the field is dense in its real algebraic closure.
• THq ,q 6= 2 – the theory of a formally p-adic field where the degree of any irreducible poly-
nomial that has a zero in the p-adic closure is either 1 or is divisible by q , and the field
is dense in its p-adic algebraic closure.
Remark 1.1. In general, for any M , given the construction above, if T is a collection of state-
ments that some polynomials have a root in a field while others are irreducible and if M is a
model of T, then, as before, Mˆ is a model of T by Łos˘’s Theorem, K is algebraically closed in Mˆ
by construction, and because K is algebraically closed in Mˆ , all the statements of T will be true
in K .
It follows form the discussion above that every finite subtheory of the theories listed above is
undecidable and therefore all these theories are finitely hereditarily undecidable. We should
also note here that in the case of positive characteristic the undecidability of eachKq is obtained
by interpreting the theory of graphs in these fields, and in the case of zero characteristic, Z is
defined over each Kq .
Using a generalized version of Ziegler’s construction we show the following.
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Theorem 2. Let U be a countable field, let Q be an infinite set of rational primes not including
the prime equal to the characteristic of the field, let R = {Rq (T ) : q ∈Q} ⊂U (T ), where all the
zeros and poles of Rq are inU, at least one pole or zero of Rq(T ) is of degree not divisible by q, and
for any x ∈U there exists y ∈U such that yq =Rq(x). LetP = {Pi (T ), i ∈Z>0}⊂U [T ] be such that
for any i ∈ Z>0 we have that Pi (T ) is irreducible over U and Pi does not factor in any extension
of degree q ∈Q. Let Z = {Zi (T ), i ∈ Z>0} ⊂U [T ] be such that for any i ∈ Z>0 it is the case that
Zi (T ) has a root in U. Now if TU ,R ,P ,Z is a first-order theory of fields in the language with a
constant symbol for every element ofU, consisting of the atomic diagram ofU and the following
statements:
(1) ∀q ∈Q : (∀x∃y : yq =Rq (x));
(2) ∀i : (Pi (T ) is irreducible);
(3) ∀i : (Zi (T ) has a root),
then any finite subtheory of TU ,R ,P ,Z is undecidable.
Remark 1.2. In Part 2, the polynomials are listed explicitly. In Part 3, the polynomials can be
listed explicitly or we may have statements asserting that all polynomials of a certain form (e.g.
degree) have a root.
To prove the theoremabovewe followZiegler’s constructionexcept that in the case of positive
characteristic we define a polynomial ring inside our fields Kq . In order to do this we need a
proposition below.
Proposition 3. There exists G |=TU ,R ,P ,Z of any transcendence degree overU.
Proof. Let G0 =U . We show how to construct a field G1 of transcendence degree one over G0
satisfying the same conditions. Let H0 =G0(t ), and let H be the smallest field in the algebraic
closure of H0 containing q
√
Rq(x) for every q ∈ Q and every x ∈ G . In this case every finite
extension of G contained in H is of degree
∏m
i=1 qi , with each qi ∈Q and can be decomposed
into a sequence of extensions each of degree qi ∈Q . By assumption onP , all the polynomials
inP will remain irreducible under this extension. 
2. TECHNICAL PRELIMINARIES
In this section we discuss several properties of function fields to be used in our construction.
We first explain what we mean by a function field.
Definition 2.1 (Function Fields). For a field C and an element t transcendental over C , we say
that a field G is a one-variable function field over a field of constants C if G/C (t ) is a finite
extension andC is algebraically closed inG .
Below we also use primes of function fields to prove that the fields we are constructing have
the required attributes. For a general introduction to primes of function fields and their prop-
erties, the reader is referred to [1]. We define primes of a function field below.
Definition 2.2 (Primes of Function Fields). LetG be a one-variable function field over a field of
constantsC . Let t ∈G \C . LetOG be the integral closure of C [t ] inG and letO∞ be the integral
closure of C [1
t
] inG . We define a prime of G to be either a prime ideal p of OG or a prime ideal
q of O∞ such that q∩C [1t ] is the prime ideal generated by 1t . The primes of O∞ will be called
infinite primes.
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We now define order at a prime.
Definition2.3 (Order at a prime). LetC , t ,G ,OG ,O∞ be as above. Let pbe a primeofG which is a
prime ideal ofOG . For x ∈OG ifm ∈Z≥0 is such that x ∈ pm+1\pm , thenwe say that ordpx =m. If
w ∈K ,w 6= 0 andw = x
y
, where x, y ∈OG , then define ordpw = ordpx−ordpy . Define ordp0=∞.
The order at infinite primes is defined in an analogousmanner.
Remark 2.4. Given our definition of order, it is easy to see that for all a,b ∈G and allG-primes p
it is the case that ordp(a+b)≥min(ordpa,ordpb), and if ordpa < ordpb then ordp(a+b)= ordpa
Remark 2.5. Observe that for any non-zero constant element a of G and any prime p of G it is
the case that ordpa = 0. At the same time if z ∈G \C , then for at least one prime p ofG we have
that ordpz > 0 (p is called a zero of z), and for at least one prime q ofG we have that ordqz < 0 (q
is called a pole of z). See [1], Chapter I, Section 3, Corollary 3 for more details.
We need to define one more object to facilitate the discussion below:
Definition 2.6 (Divisors ). LetC , t ,G be as above. LetP(G) be the set of all the primes ofG . Any
finite product
A=
∏
p∈P(G)
pa(p),a(p) ∈Z
is called a divisor ofG . If x ∈G , then a formal product
D(x)=
∏
p∈P(G)
pordpx
is called the divisor of x. (It can be shown that for any x ∈ G the divisor of x has only finitely
many terms with non-zero exponents.) The set of all divisors form an abelian group under
multiplication.
Next we need to define ramification, degree and relative degree.
Definition 2.7 (Ramification). Let G be as above and let H be a finite extension of G . If pG is a
prime ideal ofOG , then pGOH is not necessarily a prime ideal and it can be written uniquely as
a product of prime ideals ofOH :
P=
m∏
i=1
p
ei
H ,i
The power e(pH ,i/pG)= ei is called the ramification degree of pH ,i over pG or overG . We also say
that pH ,i lies above pG in H and pG lies below pH ,i inG . Ramification degree for infinite primes
is defined analogously.
Remark 2.8. In the notation above, if x ∈G , then ordpG x = eiordpH ,i x.
Definition 2.9 (Degree and Relative Degree). In the above notation, if pG is a prime ofOG , then
pG is a maximal ideal of OG and RpG =OG/pG is a finite extension of C . The degree [RpG :C ] is
called the degree of pG . If pH is a prime above pG in a finite extensionH ofG , thenRpH is a finite
extension of RpG and
f (pH/pG )= [RpH :RpG ]
is called the relative degree of pH over pG or over G . The degree and the relative degree for
infinite primes is defined analogously.
Our first lemma deals with the issue of ramification for a function field extension.
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Lemma 2.10. If H/G is a separable function field extension with H =G(α), for some α ∈ H inte-
gral with respect to a prime pG of G (i. e. for every H-prime pH lying above a G-prime pG in H we
have that ordpHα≥ 0) and the discriminant of the power basis of α has order equal to zero at pG ,
then pG has no ramified factors in H. (See [1], Chapter III, Section 8, Theorem 7 and Lemma 2.)
Below is another property of ramificationweneed for our constructionwhich can bededuced
from the definition of ramification as a power in factorization.
Lemma 2.11. Let G ⊂ H ⊂ L be a tower of function field extensions. If pG is a prime of G and pH
and pL are primes above pG in H and L respectively, then e(pL/pG)= e(pL/pH )e(pH/pL).
The next lemma is also a well known property of function field extensions.
Lemma 2.12. Let L/N be a finite function field extension. Let pN be a prime of N and let
pL,1, . . . ,pL,n
be all the factors of pN in L. Let ei be the ramification degree of pL,i over pN and let fi be the
relative degree of pL,i over pN . Then
(2.1)
n∑
i=1
ei fi = n.
(See [1], Chapter IV, Section 1, Theorem 1.)
From this lemmawe derive two corollaries to be used in our construction in Section 3.
Corollary 2.13. Let L/N be a finite function field extension such that [L : N ] 6≡ 0 mod q, where
q is a rational prime number. In this case if pN is a prime of N, then for some prime pL of L lying
above pN , we have that e(pL/pN ) 6≡ 0 mod q.
Proof. Suppose the assertion of the lemma is not true. Let
pL,1, . . . ,pL,n
be all the factors of pN in L. If for all i we have that e(pL,i/pN ) ≡ 0 mod q , then from (2.1) we
conclude that q |[N : L] contradicting our assumptions. 
Corollary 2.14. Let L/N be a finite function field extension such that [L :N ] 6≡ 0 mod q, where q
is a rational prime number. Let pN be a prime of N. If x ∈N is such that ordpN x 6≡ 0 mod q then
for some L -prime pL lying above pN , we have that ordpL 6≡ 0 mod q.
Proof. By Remark 2.8 for any L-prime pL above pN we have that ordpLx = e(pL/pN )ordpN x. Thus
our conclusion follows from Corollary 2.13. 
Next we need an elementary lemma and two corollaries to establish a property of a class of
field extensions.
Lemma 2.15. Let G be any field and let q be a prime number different from the characteristic of
G. Let W ∈ G \Gq , where Gq is the set of all the q-th powers of G. Let β be a root of X q −W in
some algebraic closure of G. Then [G(β) :G]= q.
Proof. Clearly [G(β) :G]≤ q . Suppose β is of degreem < q overG . Any conjugate of β overG is
of the form ξiqβ, where ξq is a primitive q-th of unity. If ξ
i1
q β, . . . ,ξ
im−1
q β are all the conjugates of
β overG not equal to β, thenNG(β)/G(β)= ξ jqβm ∈G , where j ∈Z≥0. Since (q,m)= 1, there exist
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a,b ∈Z such that aq +bm = 1 and thusW a(ξ jqβm)b = ξ jbq β ∈G makingW a q-th power inG in
contradiction of our assumptions. 
Corollary 2.16. Let G be any field, let {q1, . . . ,qn} be a set of distinct prime numbers such that for
some {A1, . . . ,An}⊂G each of the polynomials T qi − Ai has no roots in G. In this case
[G( q1
√
A1, . . . ,
qn
√
An) :G]= q1 . . .qn .
Proof. By Lemma 2.15, we have that [G( q1
p
A1, . . . ,
qn
p
An) :G]≤ q1 . . .qn since
[G(
q1
√
A1, . . . ,
qi
√
Ai ,
qi+1
p
Ai+1) :G(
q1
√
A1, . . . ,
qi
√
Ai )]≤ qi+1.
At the same time sinceG( qi
p
Ai )⊆G( q1
p
A1, . . . ,
qn
p
An) we have that
[G(
q1
√
A1, . . . ,
qn
√
An) :G]≡ 0 mod q1 . . .qn ,
and the assertion of the corollary follows. 
Corollary 2.17. Let G be a function field over a field of constants C . Let q be a prime number not
equal to the characteristic of G, and letW ∈G \Gq ,whereGq is the set of all the q-th powers inG.
If β is a solution to X q −W = 0 in some algebraic closure of G, then the only primes of G which
ramify in the extensionG(β)/G are the primes which are zeros or poles ofW of order not divisible
by q. For the latter primes the ramification degree is q.
Proof. By Lemma 2.15, we know that [G(β) :G] = q . Further, note that the discriminant of the
power basis of β, denoted by D(β), is equal to
∏
0≤i 6= j<m (βi −β j ), where βi = ξiqβ, and ξq is
a primitive q-th root of unity. Thus D(β) = cW q−1 with c ∈ C , and if pG is a prime of G and
ordpGW = 0, then the conclusion follows immediately by Remark 2.5 and Lemma 2.10. If, alter-
natively, we have that ordpGW ≡ 0 mod q , then by the Weak Approximation Theorem we can
find an element V ∈G such that −qordpGV = ordpGW and replaceW byW1 =WV q . If we now
let β1 be a root of X
q −W1, then clearly G(β1) =G(β) and ordpGD(β1) = ordpGW
q−1
1 = 0. Thus
the the first assertion of the corollary holds.
Suppose now that ordpGW 6≡ 0 mod q . If pG(β) is aG(β)-prime above pG , then by Remark 2.8
we have that
qordpG(β)β= ordpG(β)W = e(pG(β)/pG )ordpGW .
Thus, q |e(pG(β)/pG). Since by Lemma 2.12we have that 1≤ e(pG(β)/pG )≤ [G(β) :G]= q , wemust
conclude that e(pG(β)/pG)= q . 
Our next task is prove a series of technical propositions concerning evaluating the order at a
prime.
Lemma 2.18. Let G be a function field over a field of constants C . Let R(T ) ∈C (T ). Let s ∈G \C
and let p be a prime of G. Let R(T )= A(T )
B(T )
, where A(T ),B(T ) ∈C [T ] and are relatively prime in
C [T ]. If we suppose further that A(T ) =∏mi=1(T − ci )ni and B(T )=∏ki=1(T −bi ) ji with ci ,bi ∈C
and are all distinct, while all ni , ji are positive integers, then the following statements are true.
(1) If p is not a pole of s and ordpR(s) 6= 0, we have that ordpR(s) = n(c)ordp(s− c), where c
is the unique element of R = {a1, . . . ,am ,b1, . . . ,bk } with ordp(s − c) > 0, and n(c) = ni , if
c = ci , and n(c)=− ji , if c = bi .
(2) If p is not a pole of s and ordpR(s)= 0, then ∀c ∈ R : ordp(s−c)= 0.
(3) If p is a pole of s, then ordpR(s)= ordps(degA(T )−degB(T )).
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Proof. If p is not a pole of s, then ordp(s − c) ≥min(ordps,ordpc) ≥ 0 for all c ∈ R. Thus in this
case we have two possibilities: either
(2.2) ∃c ∈ R : ordp(s−c)> 0
or
(2.3) ∀c ∈ R : ordp(s−c)= 0.
In the former case we observe that the inequality in (2.2) can be true for at most one c ∈ R.
Indeed, if we assume that for some c1 6= c2 ∈ R we have that ordp(s− c1)> 0 and ordp(s− c2)> 0,
then we will conclude that ordp(c1− c2) > 0 which is impossible by Remark 2.5. Thus, if (2.2)
holds, we have that
ordpR(s)=
m∑
i=1
ordp(s−ai )ni −
k∑
i=1
ordp(s−bi ) ji = n(c)ordp(s−c).
Now if (2.3) holds, then, clearly,
ordpR(s)= 0.
Conversely, if ordpR(s) = 0, then (2.3) must also hold in view of the argument above. Thus the
assertion of the lemma is true in this case also.
Finally, if ordps < 0, then
ordpR(s)=
m∑
i=1
ordp(s−ai )ni−
k∑
i=1
ordp(s−bi ) ji = ordps(
m∑
i=1
ni−
k∑
i=1
ji )= ordps(degA(T )−degB(T )).

In the notation above, the following lemma gives necessary and sufficient condition for the
order of R(T ) at someG-prime p to be divisible by q .
Lemma 2.19. Let G ,R(T ) = A(T )
B(t )
,R be as in Lemma 2.18, let q be a prime number, let w ∈ G \
C ,u ∈C. If degA(T )−degB(T ) 6≡ 0 mod q and p is a prime of G, then
(1) ordpR(w −u)≡ 0 mod q if and only if either
(2.4) ∃c ∈ R : [n(c)ordp(w −u−c)≡ 0 mod q∧ordp(w −u−c) 6= 0],
or
(2.5) ∀c ∈ R : ordp(w −u−c)= 0,
or
(2.6) ordpw < 0∧∃c ∈ R : [ordp(w −u−c)≡ 0 mod q].
(2) ordpR(w −u) 6≡ 0 mod q if and only if
(2.7) ordpw ≥ 0∧∃c ∈ R :n(c)ordp(w −u−c) 6≡ 0 mod q,
or
(2.8) ordpw < 0∧∃c ∈ R : ordp(w −u−c) 6≡ 0 mod q.
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Proof. (1) Set s =w −u. If ordps ≥ 0 (and thus ordpw ≥ 0) and ordpR(s)= 0, then by Lemma
2.18 we have that ∀c ∈ R : ordp(s−c)= 0≡ 0 mod q . If, alternatively, ordps ≥ 0 (and thus
again ordpw ≥ 0), while ordpR(s) 6= 0, and ordpR(s) ≡ 0 mod q , then by Lemma 2.18
again we have that
∃c ∈ R :n(c)ordp(s−c)= ordpR(s)≡ 0 mod q.
Finally if ordps < 0 and ordpR(s) ≡ 0 mod q , then by Lemma 2.18 once more, we have
that
(degA−degB)ordps = ordpR(s)≡ 0 mod q.
Given our assumption that degA(T )−degB(T ) 6≡ 0 mod q , we conclude that ordps ≡ 0
mod q and thus for any c ∈ Rwe have n(c)ordp(s−c)= n(c)ordps ≡ 0 mod q .
Conversely, if (2.4) holds, then by Lemma 2.18 such a c is unique, and
ordpR(s)= n(c)ordp(s−c)≡ 0 mod q.
Further, clearly if Condition (2.5) holds, we have that ordpR(s) = 0. Finally, if ordps < 0
and ∃c ∈ R : [ordp(w−u−c)≡ 0 mod q], then ordps ≡ 0 mod q and therefore ordpR(s)≡
0 mod q .
(2) First of all observe that if ∀c ∈ R : [n(c)ordp(s−c)≡ 0 mod q], then certainly
ordpR(s)≡ 0 mod q.
At the same time, if (2.7) holds, then for the specified c ∈ R we have that ordp(s− c) > 0
and by Lemma 2.18,
ordpR(s)= n(c)ordp(s−c) 6≡ 0 mod q.
Finally, if (2.8) holds, then
ordps = ordp(s−c) 6≡ 0 mod q
and thus
ordpR(s)= (degA−degB)ordps 6≡ 0 mod q.

Lemma 2.20. Let G ,C ,R(T ),A(T ),B(T ),q be as in Lemma 2.19. Assume also that degA > degB.
Let a ∈G \C. If T is a finite set of primes of G containing a pole t of a, then there exists b ∈G \C
such that ordtR(b) 6≡ 0 mod q, while for all p ∈T we have that
ordp(R(a)
q −R(b))≡ 0 mod q
and
ordp(R(a)
q −R−1(b))≡ 0 mod q.
Proof. By theWeak Approximation Theoremwe can find b ∈G \C such that ordtb =−1, and for
all other q ∈T we have that
|ordqb| > q |ordpR(a))|,
ordqb < 0,
and
ordqb ≡ 0 mod q.
Thus, given our assumptions on degrees of A(T ) and B(T ), by Lemma 2.18 we have that
ordtR(b)= (deg A−degB)ordtb 6≡ 0 mod q
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and
ordtR(b)< 0.
At the same time observe that
ordt(R(a))
q = q(degA−degB)ordta ≡ 0 mod q
and
ordt(R(a)
q )< ordtR(b)< 0.
Therefore,
ordt(R(a)
q −R(b))= ordtR(a)q ≡ 0 mod q.
Further, for any q ∈ T \ {t}, by Lemma 2.18 again, we have that ordqR(b) < qordqR(a) and
ordqR(b)≡ 0 mod q . Consequently,
ordq(R(a)
q −R(b))= ordqR(b)≡ 0 mod q.
At the same time, for all p ∈T we have that
ordpR
−1(b)> qordpR(a),
and thus
ordp(R(a)
q −R−1(b))= ordpR(a)q ≡ 0 mod q.

Lemma 2.21. Let G ,C be as in Lemma 2.18. Let q be a rational prime different from the charac-
teristic of G. Let w ∈G. Let v ∈C be such that both v−w and v−w−1 are q-th powers inG. Then
for any prime p of G we have that ordpw ≡ 0 mod q.
Proof. If w ∈ C then for any prime p of G we have that ordpw = ordpw−1 = 0 ≡ 0 mod q . If
w ∈G \C then for any prime p ofG which is a pole of w we have that
ordp(v +w)= ordpw ≡ 0 mod q.
Similarly for any prime p ofG which is a zero of w we have that
ordp(v +w−1)= ordpw−1 ≡ 0 mod q.

3. DEFINABILITY CONSTRUCTION
In this sectionwe carry out the constructionof our field. We construct a fieldwhose transcen-
dence degree is one over the given field but the construction is easily extended to any positive
transcendence degre. Without loss of generality we assume that we have countably many sets
to define.
Notation and Assumptions 3.1. Below we will use the following notation and assumptions.
• Let F be a countable field. Let {Au ,u ∈Z>0} be a sequence of countable subsets of F .
• Let M be a countable field of transcendence degree at least one over F . Let t ∈ M be
transcendental over F .
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• For each u ∈ Z>0, let Ru(S) ∈ F (S). Assume further that all the zeros and poles of Ru(S)
are in F and at least one zero is of order not divisible by qu . This implies of course that
at least one pole is of order not divisible by qu . Without loss of generality we can assume
Ru(S)=
Cu(S)
Bu(S)
,
whereCu(S),Bu(S) ∈ F [S] and are relatively prime in F [S]. Assume also
Cu(S)=
mu∏
i=1
(S−cu,i )nu,i
and
Bu(S)=
ku∏
i=1
(S−bu,i ) ju,i
with cu,i ,bu,i ∈ F and are all distinct, while all nu,i , ju,i are positive integers. Assume
additionally nu,1 6≡ 0 mod qu and
0< degCu(S)−degBu(S) 6≡ 0 mod qu .
Let
Ru = {cu,1, . . . ,cu,mu ,bu,1, . . . ,bu,ku }.
For c ∈ Ru let n(c)= nu,i if c = au,i , and let n(c)= ju,i if c = bu,i .
• Let {qu ,u ∈Z>0} be a sequence of distinct prime numbers not equal to the characteristic
of M . Assume also thatM contains qu-th roots of all its elements of the form Ru(x) for
any x ∈M , for all u ∈Z>0.
• Let au = cu,1. In other words, au is a zero of Ru(T ) with a multiplicity not divisible by qu .
• For all u ∈Z>0 for any finite set B , the complement of the set
(3.1) {x ∈ F : x = a+b, where a ∈ Au ,b ∈ B}
in F is infinite.
• Let fu(W ,S)=W qu −Ru(S),u ∈Z>0.
• Let x ∈M . Then by qupx,u ∈Z>0 we will mean an element y ∈M such that yqu = x.
• For any field H such that F ⊂H and any u ∈Z>0, let
Au,H = {z ∈H : ∃t ∈H such that fu(t ,z)= 0}=
{z ∈H : ∃g ∈H such that g qu =Ru(z)}= {z ∈H :Ru(z) ∈Hqu }
Remark 3.2. Observe that if Condition (3.1) does not hold, then Au can be trivially defined over
F , and since we construct a definition of F , we will cover these cases also.
Themain result of this and the following section is the theorem below.
Theorem 3.3. There exists a field K ⊂ M of infinite algebraic degree over F (t ) such that each
Au ,u ∈Z>0 is (first-order) definable over K .
The proof is contained in the construction below.
Construction 3.4. We construct K to be an algebraic extension of F (t ) such that the following
conditions are satisfied.
(1) F is definable over K by a first-order formula, in particular
(3.2) F = {a ∈K |∀b ∈M : ((R1(a)q1 +R1(b)) ∈K q1 ∧ (R1(a)q1 +R−11 (b)) ∈K q1)⇒ b ∈ A1,K )}.
10
(2) For each u ∈ Z>0 we have that Au is definable by the first order formula over K and in
particular
(3.3)
Au = {r ∈ F |∀r1,r2 ∈ F : (r1 6= r2∧ r1+ r2 = r ⇒ ((tqu − r1+au) ∈ Au,K or (tqu − r2+au) ∈ Au,K ))}
We will arrange for K =⋃∞
i=0Ei , where F (t ) = E0 ⊂ E1 ⊂ . . .⊂M and Ei+1/Ei is a finite algebraic
extension. We will also construct finite sets Si ,u ,u ∈ Z>0 contained in Ei ∩ (M \ (AK ,u ∪F )). We
set;= S0,u ⊂ S1,u . . . andmake sure that
K \ (AK ,u ∪F )= (
⋃
i∈Z>0
Si ,u).
In other words, all non-constant K -elements outside AK ,u are contained in the union of Si ,u ’s.
To satisfy the conditions above, we will require the following to be true at each step of our
construction:
(3.4)
For every i ,u and every s ∈ Si ,u , there exists a prime ps,i ,u of Ei
such that ordps,i ,uRu(s) 6≡ 0 mod qu .
(3.5) ∀u ∈Z>0∀r1,r2 ∈ F,r1r2 6= 0 : if r1+ r2 ∈ Au , then
∀s ∈ Si ,u : [ordps,i ,uRu(tqu−r1+au)≡ 0 mod qu] or ∀s ∈ Si ,u : [ordps,i ,uRu(tqu−r2+au)≡ 0 mod qu].
We proceed by induction. Let {xi } be a sequence of elements of M algebraic over F (t ) such
that every element appears infinitely often. Note that for E0 = F (t ),S0,u =;,u ∈Z>0, Conditions
(3.4) and (3.5) are vacuously satisfied.
Assume now (Ei ,Si ,u ,u ∈Z>0) have been constructed already and consider four cases below.
i = 4n: If no qu divides [Ei (xn) : Ei ] then set (Ei+1,Si+1,u)= (Ei (xi ),Si ,u),u ∈Z>0.
We show that Condition (3.4) holds for (Ei+1,Si+1,u ,u ∈Z>0). Since Si+1,u = Si ,u , by induction
it is enough to show that every prime of Ei will have at least one factor in Ei+1 with a ramifica-
tion degree not divisible by any qu . This follows from Lemma 2.14. Thus for every u and every
s ∈ Si+1,u we can set pi+1,u,s to be a factor of pi ,u,s with a ramification degree not divisible by qu .
Further, since Si ,u = Si+1,u , Condition (3.5) carries over automatically by Remark 2.8.
i = 4n+1:
(a) If xn 6∈ Ei then set (Ei+1,Si+1,u ,u ∈Z>0)= (Ei ,Si ,u ,u ∈Z>0) with pi+1,u,s = pi ,u,s .
(b) If xn ∈ Ei , then follow the steps below.
(1) For each u = 1, . . . ,n do the following:
if for some s ∈ Si ,u we have that ordps,i ,uRu(xn) 6≡ 0 mod qu , then set
(Ei+1,u ,Si+1,u)= (Ei ,Si ,u ∪ {xn});
if for all s ∈ Si ,u we have that ordpi ,u,sR(xn) ≡ 0 mod qu , and Ru(xn) 6∈ AEi ,u (or in
other words Ru(xn) is not a qu-th power in Ei ), then set
(Ei+1,u ,Si+1,u)= (Ei ( qu
√
Ru(xn)),Si ,u);
if Ru(xn) ∈ AEi ,u (or in other words Ru(xn) is a qu-th power in Ei ), then set
(Ei+1,u ,Si+1,u)= (Ei ,Si ,u).
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(2) For all u ∈Z>n set
(Ei+1,u ,Si+1,u)= (Ei ,Si ,u).
(3) Set Ei+1 =
∏n
i=1Ei+1,u (by the product of fields we mean the compositum of fields,
i.e. the smallest subfield ofM containing all the fields in the product).
(4) For all u ∈ Z>0 and all s ∈ Si+1,u set pi+1,u,s equal to any factor of pi ,u,s in Ei+1 with
ramification degree not divisible by qu .
We claim that all the parts of this step can be executed and Conditions (3.5) and (3.4) hold after
this step. First of all note that [Ei+1 : Ei ]=
∏
Ei+1,u 6=Ei qu by Corollary 2.16, and therefore for all u
such that Ei+1,u = Ei , and for all s ∈ Si ,u , every pi ,u,s has a factor in Ei+1 with ramification degree
not divisible by qu by Corollary 2.13. Now let u ∈ {1, . . . ,n} be such that Ei+1,u = Ei ( qu
p
Ru(xn))
and note that we can separate the extension Ei+1/Ei into a tower of two extensions:
Ei ⊆ Xu ⊂ Ei+1,
where Xu =
∏
j 6=u,Ei+1, j 6=Ei Ei+1, j . Observe that by Corollary 2.16 again, the degree of the first
extension is equal to ∏
j 6=u,Ei+1, j 6=Ei
q j
and every prime corresponding to elements of Si ,u will have a factor in Xu of ramification de-
gree not divisible by qu . Finally, by Lemma 2.10, no factor of pi ,s,u in Xu will be ramified in Ei+1.
Thus, by Lemma 2.11, we know that pi ,s,u will have a factor in Ei+1 with ramification degree not
divisible by qu . Therefore Condition (3.4) will still be satisfied after this step. Since for every
u ∈Z>0 and every s ∈ Si+1,u , the prime pi+1,u,s lies above a prime pi ,u,s ∈ Si ,u , we have that Con-
dition (3.5) is satisfied after this step by induction hypothesis and Lemma 2.14.
i = 4n+2:
(1) xn 6∈ Ei or xn ∈ F . In this case (Ei+1,Si+1,u ,u ∈Z>0)= (Ei ,Si ,u ,u ∈Z>0).
(2) xn ∈ Ei \F . Let p be a pole of xn . This pole exists by Remark 2.5. For each 1 ≤ u ≤ n do
the following.
(a) Check to see if Condition (3.5) is satisfied for the set of primes
A = {ps,i ,u : s ∈ Si ,u}∪ {p}.
If Condition (3.5) is not satisfied, then for some r1,r2 ∈ F with r1+r2 ∈ Au and r1r2 6=
0 we have that for some q ∈A , it is the case that ordq(Ru(tqu −r1+au)) 6≡ 0 mod qu
and for some t ∈ A , it is the case that ordt(R(tqu − r2 + au)) 6≡ 0 mod qu . Since
Condition (3.5) was previously satisfied for {ps,i ,u , s ∈ Si }, we conclude that for some
r 6= 0 we have that ordpR(tqu − r +au) 6≡ 0 mod qu and for all ps,i ,u , s ∈ Si ,u ,
ordps,i ,uR(t
qu − r +au)≡ 0 mod qu .
We note that there can be only finitely many r ∈ F with such a property. Indeed, p
cannot be a pole of t as otherwise ordp(R(t
qu −r +au))≡ 0 mod qu by Lemma 2.19.
Thus,
ordp(t
qu − r −c+au)> 0
for some c ∈ Ru by Lemma 2.19 again. Similarly if the above condition held for
some r¯ ∈ F we would have ordp(tqu − r¯ − c¯+au)> 0 for some c¯ ∈ Ru . Consequently,
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ordp(r − r¯ +c− c¯)> 0. The last inequality can hold only if r − r¯ +c− c¯ = 0. However,
c− c¯ can take finitelymany values only and therefore the set
Vi ,u,p = {r ∈ F : ordpRu(tqu−r+au) 6≡ 0 mod qu∧∀s ∈ Si ,u ,ordpi ,u,sRu(tqu−r+au)≡ 0 mod qu}
is finite.
Let
Ei ,u = Ei ( qu
√
R(tq − r +au),r ∈Vi ,u,p),
and observe that in the extension Ei ,u/Ei the prime p will be ramified by Corollary
2.17 while
[Ei ,u : Ei ]= qbu ,b ≥ 1
by Lemma 2.15. Let p¯ be a prime above p in Ei ,u . At the same time, observe that
no pi ,u,s , s ∈ Si ,u will be ramified in Ei ,u by Lemma 2.17. Let p¯i ,u,s be an Ei ,u-prime
above pi ,u,s .
(b) By Lemma 2.20 there exists bu ∈ Ei ,u such that
(i) ordp¯(Ru(xn)
qu +Ru(bu)),ordp¯s,i ,u (Ru(xn)qu +Ru(bu)), s ∈ Si ,u are all divisible by
qu , and
(ii) ∃q ∈ {p¯, p¯i ,s,u , s ∈ Si ,u} such that ordqRu(bu)= nu,1 6≡ 0 mod qu .
(c) Define (Ei+1,u ,Si+1,u)= (Ei ,u( qu
√
Ru(x
qu
n )+Ru(bu)),Si ,u ∪ {bu}). Observe that
[Ei+1,u : Ei ,u]= qbu ,b = 0,1.
Further, no prime from the set {p¯, p¯i ,s,u , s ∈ Si ,u} is ramified in this extension by
Lemma 2.17. Let pˆ lie above p¯ in Ei+1,u and for every u = 1, . . . ,n and every s ∈ Si ,u ,
let pˆi ,s,u lie above p¯i ,s,u in Ei+1,u
(3) Set Ei+1=
∏n
u=1Ei+1,u . Note that all the prime factors of [Ei+1 : Ei ] are in the set {q1, . . . ,qn}
by Corollary 2.16 and no prime from the set {pˆ, pˆi ,s,u , s ∈ Si ,u} is ramified in the extension
Ei+1/Ei+1,u for any u = 1, . . . ,n by Lemma 2.17 again. Therefore for every u = 1, . . . ,n
we can let pi+1,u,s be any factor of pˆi ,u,s in Ei+1. Observe that for all u = 1, . . . ,n and all
s ∈ Si ,u we have that
e(pi+1,u,s/pi ,u,s )= e(pi+1,u,s/pˆi ,u,s )e(pˆi ,u,s/p¯i ,u,s )= e(p¯i ,u,s/pˆi ,u,s )= 1
and therefore for any u = 1, . . . ,n and any s ∈ Si ,u we still have that
ordpi+1,s,u s 6≡ 0 mod qu .
Next let pi+1,u,bu be any factor of pˆ in Ei+1 and observe that
e(pi+1,u,bu /p¯)= e(pi+1,u,bu /pˆ)e(pˆ/p¯)= 1
and therefore ordpi+1,u,bu bu = ordp¯bu 6≡ 0 mod q .
For every u ∈ Z>n set Si+1,u = Si ,u . For any s ∈ Si ,u let pi+1,u,s be any factor pi ,u,s in
Ei+1 with ramification degree of Ei not divisible by qu . (As before such a factor exists by
Corollary 2.14.) Given this choice we now have for all u > n and all s ∈ Si ,u = Si+1,u that
ordpi+1,u,s s 6≡ 0 mod qu by Remark 2.8
We claim that Conditions (3.5) and (3.4) are satisfied after this step. If xn 6∈ Ei or xn ∈ F , there
is nothing to prove. So assume that we are in the case of xn ∈ Ei \F . From the discussion above
it is clear that Condition (3.4) is satisfied. Next we note that Ei ,u was constructed explicitly so
that Condition (3.5) held in Ei ,u for all primes in A . Note that each pi+1,u,s , s ∈ Si+1,u is a factor
of a prime inA . Thus, by Remark 2.8, Condition (3.5) is still satisfied in Ei+1 for u ≤ n.
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At the same time for u > n Condition 3.5 is satisfied by induction and Remark 2.8 again, since
Si ,u = Si+1,u .
i = 4n+3: For each u = 1, . . . ,n do the following.
(1) If xn ∈ Au or if xn 6∈ F , then (Ei+1,u ,Si+1,u)= (Ei ,Si ).
(2) Assume xn ∈ F \ Au . Let p¯r be a prime of F (t ) corresponding to t − qu
p
r if r is a qu-th
power in F or to tqu − r if r is not a qu-th power in F , and let pr be any Ei -prime lying
above p¯r . Note that for all r 6= 0 we have that ordp¯r (tqu − r ) = 1 and for all but finitely
many r ∈ F we also have that ordpr (tqu−r )= 1. (It will be bigger than 1 only if p¯r ramifies
in the extension Ei/F (t ) and there are only finitelymany ramified primes.) If c ∈ Ru then
(3.6) ordpr (t
qu − r +au −c)=
{
e(pr /p¯r )n1,u if c = au = c1,u
ordpr (au −c)= 0 if c 6= au = c1,u
Thus
ordprRu(t
qu − r +au)=(3.7) (
ku∑
z=1
nz,uordpr (t
qu − r +au −cz,u)
)
−
(mu∑
z=1
jz,uordpr (t
qu − r +au −bz,u)
)
=(3.8)
e(pr /p¯r )n1,u 6≡ 0 mod qu(3.9)
for all but finitely many primes, and the set
Cu = {r ∈ F∗|ordprRu(tqu − r +au)≡ 0 mod qu}
is a finite set. Next let Bu be the union of the two sets below:
{g ∈ F : ∃s ∈ Si ,uordpi ,u,sRu(tqu − g +au) 6≡ 0 mod q}
{g ∈ F : ordpr j Ru(t
qu − g +au) 6≡ 0 mod q, j = 1,2},
and observe that Bu is a finite set. Indeed, for any prime p of Ei the set of g ∈ F such that
ordpRu(t
qu − g + au) 6≡ 0 mod q is finite. By Lemma 2.18, p cannot be a pole of t since
in that case ordpRu(t
qu −g +au)≡ 0 mod q . Therefore by the same lemmawe have that
ordp(t
qu − g +au −c)> 0 for exactly one c ∈ Ru. But for some unique ap ∈ F we have that
ordp(t − a) > 0 and therefore we conclude that aqup − g + au − c = 0, giving us a unique
value of g .
Let r1 ∈ F be such that the following conditions are satisfied:
r1 6∈Cu ,(3.10)
r1 6= xn−x, where x ∈Cu ,(3.11)
r1 6∈ Au −au +Ru−Bu.(3.12)
Next let r2 = xn−r1. By assumption (see Notation and Assumptions 3.1), infinitelymany
elements of F satisfy (3.12), and only finitelymany elements of F can fail to satisfy (3.10)
and (3.11). Thus we can certainly choose r1 to satisfy (3.10) – (3.12).
Set Ei+1 = Ei , set Si+1,u = Si ,u ∪ {Ru(tqu − r1+au),R(tqu − r2+au)} for u = 1, . . . ,n and
Si+1,u = Si ,u for u > n. Since r1,r2 6∈Cu , we have that ordpri Ru(t
qu − ri +au) 6≡ 0 mod qu
and therefore Condition (3.4) is satisfied.
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Suppose now that Condition (3.5) is not satisfied for some u and for some r¯1+ r¯2 ∈
Au . Since Condition (3.5) was satisfied before this step we can assume without loss of
generality that ordpi ,u,sRu(t
qu − r¯1+au)≡ 0 mod qu for all s ∈ Si ,u and
ordpr1R(t
qu − r¯1+au) 6≡ 0 mod qu .
Since we know pr1 not to be a pole of t , we know that ordpr1 (t
qu − r¯1+ au − c) > 0 for
some c ∈ Ru by Lemma 2.19. But we also have that ordpr1 (t
qu − r1) > 0 and therefore
ordpr1 (r1− r¯1+au −c)> 0 implying that
(3.13) r1 = r¯1−au +c1
by Remark 2.5. Thus we have that r1+ r¯2 = a−au +c, where a ∈ Au and
r¯2 = a−au +c− r1 6∈Bu ,
by assumption on r1, implying that
ordpi ,u,sRu(t
qu − r¯2+au)≡ 0 mod qu
for all s ∈ Si ,u and
ordpr1R(t
qu − r¯1+au)≡ 0 mod qu .
Consequently, Condition (3.5) is still satisfied after these steps.
Remark 3.5. Step 4n can be omitted without changing the definability properties of K .
4. PROPERTIES OF K .
In this section we complete the proof of Theorem 3.3 by proving that the constructed field K
has the desired properties.
Theorem 4.1. (1) For all u ∈Z>0 we have that K \ Au,K =
⋃
i∈Z>0Si ,u .
(2) Formula (3.2) holds over K .
(3) Formula (3.3) holds over K .
(4) If H ⊂M is such that K ⊆ H and [H : K ]<∞, then [H : K ]= 1 or [H : K ]≡ 0 mod qu for
some u.
Proof. (1) Let Su =
⋃
i∈Z>0 Si ,u . Suppose x ∈ Su and x ∈ AK ,u . Then for some i we have that
x is a in AEi ,u while x ∈ Si ,u . But this would contradict Condition (3.4) requiring that for
some prime pi of Ei we have that ordpiRu(x) 6≡ 0 mod qu .
Suppose x ∈ K and x 6∈ AK ,u . Let n be such that x was added to Ei for some i < n and
x = xn . In Step 4n + 1 we check if for some s ∈ Si ,u it is the case that ordps,i ,uRu(x) 6≡ 0
mod qu . if such an s is found x is added to Si ,u and thus x ∈ Su . Suppose no s with
ordps,i ,ux 6≡ 0 mod qu was found. In this case we add qu
p
Ru(x) to Ei and x becomes an
element of AK ,u contradicting our assumption. Thus, x ∈ Su .
(2) Let x ∈ K and assume that in some Ei containing x the divisor of R1(x) is a q1-th power
of another divisor. Then R1(x) is a q1-th power in K . Indeed, let n be such that x ∈ Ei for
some i < n and xn = x. Then since the order of all zeros and primes of R1(x) is divisible
by q1, in the step 4n+1 we have that q1
p
R1(x) is added to En .
Suppose now that a 6∈ F . Then by step 4n+ 2 of the construction there exists b ∈ K
such that R1(b) is not a q1-th power but R1(b)+R1(a)q1 is a q1-th power.
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Let a ∈ F , let b ∈K satisfyingR1(a)q1+R1(b) ∈K q1∧R1(a)q1+ 1R1(b) ∈K
q1 Then in some
Ei we have that the order at all the poles and zeros of R1(b) is divisible by q1. Hence by
the argument above, R1(b) is a q1-th power in K .
(3) Let u be a positive integer. Suppose r ∈ F and r 6∈ Au . Then by Part 4n+3 of the con-
struction ∃r1,r2 ∈ F with r1r2 6= 0 such that (tqu − r1 + au) and (tqu − r2 + au) are in
Su and therefore cannot be in AK ,u by Part 1 of this proof. Suppose now that r ∈ Au ,
r1,r2 ∈ F,r1r2 6= 0,r1+ r2 = r but (tqu − r1+au 6∈ AK ,u)∧ (tqu − r2+au 6∈ AK ,u). In this case
(tqu − r1+ au ∈ Si ,u)∧ (tqu − r2+ au ∈ Si ,u) for sufficiently large i by Part 1 of this proof.
But this contradicts Condition (3.5).
(4) Suppose there exist an elementα∈M algebraic overK and of degreen such that (n,qu)=
1 for all u. If a0, . . . ,an−1 ∈ K are the coefficients of the monic irreducible polynomial of
α over K and Ei is such thatD0, . . . ,Dn−1, thenα is of degree not divisible by any qu over
any E j with j ≥ i . In this case, however, α would have been added to some E j in a step
4n for some n.

5. UNDECIDABILITY OF THEORIES
In this section we prove Theorem 2 by specializing the Section 3. LetU ,Q,R,P be defined
as in the statement of this theorem. By Proposition 3 we can assume that there exists
G |=TU ,Q,R ,P
of transcendence degree at least one overU , ifU is not algebraic over a finite field and of tran-
scendence degree at least 2 ifU is algebraic over a finite field. For each q implement the con-
struction above with M = G , F =U , ifU is not algebraic over a finite field, and F =U (t ) with
t transcendental over U , if U is algebraic over a finite field. Further let q1 = q , A = Z if the
characteristic is 0, and A = Fp [t ] if the characteristic is p > 0.
The constructed field K =Kq will satisfy the following conditions:
(1) A is definable over Kq .
(2) Any non-trivial finite extension of Kq inG is of degree divisible by q .
Now let Ω be any non-principal ultra-filter and let L = ∏q Kq/Ω and let Gˆ = ∏q∈QG/Ω. By a
standard argument using Łos˘’s Theorem, we have that L is algebraically closed in Gˆ, while Gˆ is
a model of TU ,Q,R ,P . Thus we have that L is also a model of TU ,Q,R ,P and consequently any
finite subtheory of this theory has at least one Kq as its model, making the subtheory undecid-
able.
Below are some examples of theories covered by our theorem.
Example 5.1. A theory TU ,R ,P , where Q consists of all the primes equivalent to 3 mod 5,
Rq(T ) = T , Pi (T ) = T qi − 3, with qi a prime not in Q, and U is the field obtained from Q by
adjoining all the qn-th roots of all integers for all q ∈Q and all n ∈Z>0.
Example 5.2. A theory of a field of any characteristic not equal to a prime number p, where all
the polynomials of degree not divisible by p have a root in the field and some polynomials of
degree p do not have a root. Here we also let Rq (T )= T , for q 6= p.
16
6. SOME OPEN QUESTIONS
Oneof themotivations of this paperwas our interest in finding newfinitely hereditarily unde-
cidable theories, in particular in cases where the original theory is decidable. In this connection
we have the following questions.
(1) It is known that the theory of the field of all totally real algebraic numbers is decidable
(see [5]). Is this theory finitely hereditarily undecidable?
(2) Is the theory of pseudo real closed fields (PRC fields) finitely hereditarily undecidable?
(3) In general, if T is a theory of any subfield of Q¯, the algebraic closure of Q, is T finitely
hereditarily undecidable? (We know that this is true for number fields.)
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